New derivations of origin-independent expressions for the electric permittivity are presented, starting either from the response function of the current density that defines the absorption coefficient, or from the off-resonance single-photon scattering amplitude that leads to the Kramers-Heisenberg dispersion formula. The resulting expression for the permittivity is compared with earlier work on the origin dependence of the material constants. Different origin-independent expressions for the permittivity, the inverse permeability and the magnetizability are calculated and discussed. By considering electromagnetic plane waves in the absence of external sources, the macroscopic Maxwell equations are used to describe the response of matter to external fields. In combination with the constitutive relations, a wave equation expressed in terms of the material constants is derived. It is shown that the different definitions of the material constants lead to the same wave equation. The non-uniqueness of the definitions of the material constants is discussed in this context. Finally, based on the discussions, we propose a possible unique, origin-independent definition of the material constants.
Introduction
The multipole description of electrodynamics has been widely used to derive expressions for molecular properties in order to describe physical phenomena such as reflection, scattering and other optical effects. [1] Multipole theory is commonly introduced in microscopic electrodynamics and extended to the macroscopic case through a spatial averaging process [1, 2] . When using multipole theory, the expressions obtained for many molecular properties are origin dependent when going beyond the lowest non-zero multipole order, even if the observable quantities remain, by necessicity, origin independent. This is found for both microscopic and macroscopic theories. Origin dependence means that the respective properties explicitly depend on the choice of the origin of the coordinate system (see e.g. Refs. [1, 3] ). It is therefore important to derive origin-independent expressions for observable molecular properties, but controversy remains [4] [5] [6] .
Raab and de Lange proposed a transformation theory [7] that-when applied to the macroscopic description of electrodynamics-leads to origin-independent ex-pressions for the material constants, also known as the constitutive tensors. This transformation theory makes use of the macroscopic Maxwell equations and exploits the non-uniqueness of the definition of the auxiliary fields D and H. The theory provides satisfactory results in the sense that origin-independent expressions are obtained. However, limitations regarding their physical behaviour remain, since the material constants in these derivations are not directly related to experimental measurable quantities. In the following, we will relate the material constants to measurable quantities such as the scattering amplitude.
The magnetizability has often been at the core of the debate on gauge-origin independent expressions for molecular properties. The expression for the magnetizability obtained from multipole theory is origin independent for a static external magnetic field, but appears to be origin dependent in the frequency-dependent case. Raab and de Lange proposed an origin-independent definition of the frequency-dependent magnetizability in the microscopic case [8] that agrees with the macroscopic expression achieved for the inverse permeability using their transformation theory. The validity of this expression has still to be investigated, since an alternative definition of the inverse permeability can be derived in the macroscopic case [9] . Furthermore, the theory used to derive the magnetizability in the microscopic case relies on the invocation of a number of requirements that the frequency-dependent magnetizability is assumed to possess [8] . Although all the requirements imposed are reasonable, their introduction is nevertheless of an ad hoc nature.
In this work, the origin-independent expression for the permittivity obtained by Raab and de Lange is derived in a new way, using two alternative approaches: (1) by considering the expression for the off-resonance single-photon scattering amplitude [10] , and (2) starting from the response function of the current density that defines the absorption coefficient [11] . It is shown that these procedures do not require any transformation theory, only a Taylor expansion (to second order) of the external electromagnetic perturbation. The results can be considered as a generalization, beyond the dipole approximation, of the work of Healy [10] on the Kramers-Heisenberg dispersion formula.
The macroscopic Maxwell equations and the constitutive relations [1] are then discussed, and it is shown that a general and unique definition of the material constants is still not established. Therefore, possible alternative expressions have to be considered. It is shown that a covariant formulation of the auxiliary fields and the constitutive relations leads to origin-independent expressions for the material constants [9, 12] that differ from the ones given in Ref. [7] . Particular attention is paid to the inverse permeability, noting that the result obtained for the electric permittivity suggests that transformed multipole theory provides correct and unique definitions of the material constants.
Next we consider the wave equation expressed in terms of the material constants, in order to show why multipole theory has been successful in describing many physical phenomena despite the origin dependence of many of the expressions used to describe the material constants.
The rest of the paper is organized as follows. A brief overview of the relevant theoretical background is given in Sec.2 and the definitions of the constitutive relations provided by multipole theory and by the transformed multipole theory by Raab and de Lange are presented and compared. In Sec.3 and Sec.4, the main results of this work are derived and discussed. It is shown that the scattering amplitude and the absorption coefficient are connected to the electric permittivity. They provide expressions for the permittivity that correspond to the definition obtained from transformed multipole theory. Our results relate the permittivity to well-known measurable quantities, such as the scattering amplitude and the absorption coef-ficient, providing a way to determine the permittivity experimentally, also in the optical region.
Alternative origin-independent expressions for the material constants are discussed in Sec.5, and compared to results obtained in the analysis of the scattering amplitude and absorption coefficients.
The inverse permeability is discussed in detail in Sec.6, together with the magnetizability in the microscopic case. In Sec.7, the wave equation in terms of the material constants is derived and discussed. Calculations of the origin-independent expressions of the electric permittivity and the inverse permeability are reported in Sec.8. Special attention is given to their dispersion curves. Concluding remarks and an outlook are given in Sec.9.
Maxwell's equations and the constitutive relations
Maxwell's equations form the basis of all electromagnetic phenomena, providing a complete description of the interactions between charged particles and electromagnetic fields when the particle degrees of freedom are fixed and the sources are specified. A covariant formulation of electrodynamics gives Maxwell's equations in the form (SI units) [12] ∇ · B = 0
(1)
where E and B are the electric and magnetic fields, D and H the auxiliary fields and ρ and J the macroscopic free charge and current density (not including bound charges and currents), respectively. In order to have a complete description of a macroscopic system, it is necessary to specify the relation between the electric and magnetic fields and the corresponding auxiliary fields. The auxiliary fields are thus not uniquely defined until the relation between them and the basic fields is specified through the so-called constitutive relations.
Before defining the constitutive relations, we note that in the following discussion, only non-magnetic media are considered. However, the results obtained below can be straightforwardly extended to the case of magnetic media. Furthermore, the covariant Maxwell equations eqs.(1)-(4) describe all kinds of homogeneous, dielectric, magnetic, anisotropic and chiral media [12] . In the following we will also assume that the external perturbation is described by electromagnetic plane waves of the general form
where F refers to the fields E and B, F 0 their amplitude, ω the frequency of the oscillating fields and k the wave vector. The wave vector is related to the frequency of the fields and to the refractive index n through the relation
where σ defines the direction of propagation of the wave. In vacuum, the constitutive relations are
A general definition of the auxiliary response fields in terms of induced multipole moments, up to the electric octopole-magnetic quadrupole order, is given by [13] 
In these equations and throughout this paper, implicit summation over repeated indices will be used (Einstein summation convention). In these equations we have also introduced the electric constant ε 0 , the magnetic constant µ 0 , and P i , Q ı , Q ık , M ı , M ı represent the macroscopically induced electric and magnetic multipole moments, respectively. The induced multipole moments can be expressed in terms of molecular responses to electric and magnetic fields (see for instance Ref. [14] ). Considering an electromagnetic plane wave eq.(5), the multipole moments in eqs. (8) and (9) can be rewritten in terms of the fields. Collecting terms in the electric and magnetic fields leads to the following set of constitutive relations
introducing the material constants A ı , T ı , U ı and X ı . A ı is the permittivity, T ı and U ı = T † ı the magneto-electric coefficients and X ı the inverse permeability. In this definition, the permittivity appears as a purely electric property and the inverse permeability as a purely magnetic property, whereas the magneto-electric coefficients couple the electric and magnetic fields. In eqs. (10)- (11) we have truncated the expansion of the auxiliary fields in order to obtain linear constitutive relations. The explicit expressions for the material constants in eqs. (10)- (11) provided by multipole theory, up to the electric octopole-magnetic quadrupole order and in terms of molecular responses, are [1] 
The definitions, from time-dependent perturbation theory, of the various molecular response terms appearing in eqs. (12)- (15) are given in Table 1 . It can be shown that the expressions for the material constants in eqs. (12)- (15) derived from multipole theory are origin dependent [15] .
Because the material constants describe the response of a material to an electromagnetic perturbation (vide infra), they are observable quantities and thus their expressions are expected to be origin independent. As already mentioned, the auxiliary fields are however not uniquely defined by Maxwell's equations, and it is therefore necessary to introduce constitutive relations that express D and H in terms of the basic fields. There is thus a certain freedom in the definition of the constitutive relations and of the material constants, and it is possible to consider different expressions for the material constants to the ones provided by multipole theory as long as Maxwell's equations are satisfied and the wave equation is origin independent (see e.g. Ref. [1] ). We will return to this point in Sec.7.
The freedom implied by Maxwell's equations should not lead to any ambiguities in the definition of the materials constants, since they are observables. Thus, the definition of the materials constants should be unique. On this basis, Raab and de Lange have proposed a transformed multipole theory of the auxiliary fields up to electric octopole-magnetic quadrupole order [7] that provides origin-independent expressions for the material constants. The origin independence of the material constants is imposed as a necessary requirement and, by construction, they are unique. The origin-independent expressions of the material constants resulting from this transformed multipole theory are
In conclusion, conventional multipole theory provides origin-dependent expressions for the material constants (see eqs. (12)- (15)), whereas applying transformed multipole theory to the auxiliary fields leads to origin-independent expressions (eqs.(16)-(19))), that are obtained by considering terms up to the electric octupolemagnetic quadrupole order.
Scattering amplitude and permittivity
In this section, we will present an alternative derivation of the expression for the permittivity that is more straightforward than transformation theory and which is based on the standard quantum-mechanical theory of the interaction between electromagnetic fields and matter.
We will demonstrate that the permittivity in eq. (16) can be obtained starting from the definition of the off-resonance, single-photon scattering amplitude. The derivation builds on the work of Healy [10] , who presented a generalization of the Kramers-Heisenberg dispersion formula [16] . Healy showed that the expression for the scattering amplitude derived using perturbation theory to second order, with the minimal-coupling interaction Hamiltonian as perturbation, is identical to the expression for the scattering amplitude provided by the multipolar formulation of molecular quantum electrodynamics, where a multipolar Hamiltonian is used. However, no multipolar approximation is made, instead exact integral expressions from the multipolar formulation of molecular quantum electrodynamics are used, retaining terms to second order in the wave vector.
In order to derive an expression for the scattering amplitude in terms of induced electric and magnetic moments, we consider a Taylor expansion of the electromagnetic wave, to second order.
Let us start by considering the measurable quantity dσ 2←1 , the probability that a photon with wave vector k 1 and polarization λ 1 is scattered by the molecule, initially in the state n(1) with energy E 1 , into a photon with wave vector k 2 and polarization λ 2 , leaving the molecule in the state n(2) with energy E 2 . This probability is measured by the differential cross section per unit solid angle about k 2
where f 2←1 is the single-photon scattering amplitude defined in terms of the transition matrix element for the process T 2←1 [10] :
The expression for the scattering amplitude derived using perturbation theory and the minimal coupling Hamiltonian for an atom interacting with electromagnetic fields is given by [10] 
where e (λ) ı is the polarization vector with polarization λ, and E n2n1 = E n2 − E n1 . Note that the hypothesis of energy conservation and off-resonance frequency has been imposed, that is
Assuming that the wavelength of the radiation is much greater than the molecular dimension (k · r 1), we can perform a Taylor expansion to second order of the exponentials
and inserting this expansion into eq. (22), we obtain a linear combination of terms at different order in the wave vector k, containing transition moments in both velocity and length gauge. Retaining terms up to second order in the Taylor expansion means including contributions of electric octopole-magnetic quadrupole order. We use the canonical commutation relations p ı = − ım [r ı , H] to express everything in the length gauge. By using the definition of a response function
and imposing energy conservation, we obtain
where the definition of A ij introduced in eq. (16) has been used. Eq. (25) defines the scattering amplitude in terms of the electric permittivity invoking the originindependent definition of this material constant provided by Raab and De Lange in their transformed multipole theory eq. (16) . In the appendix, we present an alternative derivation of this result using the expression for the scattering amplitude provided by a multipolar formulation of molecular quantum electrodynamics.
In this derivation we have retained terms at the second order in both: (1) the expansion of the external perturbation (eq. (23)), and (2) the vector potential in the Hamiltonian (eq. (21)). The expression for the oscillator strength is then the square of eq. (25) . Comparing this expression to the one derived by Bernadotte et al. [17] , we can see that they apparently differ. This is due to the fact that Bernadotte et al. do not include the quadratic term of the vector potential in the Hamiltonian, thus obtaining an expression containing only the leading-order contribution. A result more directly comparable to the one of Bernadotte et al. will be derived and discussed in the next section, where the quadratic term of the vector potential in the Hamiltonian will be neglected.
The derivation of the permittivity presented here provides an indirect route for measuring the permittivity, since it has been shown to be related to a well-known measurable quantity, the differential cross section, expressable as a linear combination of polarizabilities. We have also indirectly confirmed the validity of the expression derived by Raab and De Lange in transformed multipole theory.
Absorption coefficients and permittivity
In the previous section, an origin-independent expression for the permittivity was derived from the quantum-mechanical expression for the differential cross section, providing a unique definition of this material constant. It was also shown that the expression obtained for the permittivity is equivalent to the expression provided by transformed multipole theory. Here, we show that an equivalent result can be achieved from the definition of the absorption coefficient in terms of the response function of the current density. This derivation is similar to the former approach, but allows us to also consider the current density.
Let us consider again a photon with wave vector k 1 and polarization λ 1 , that is scattered by a molecule of volume V and linear dimension L, initially in the state n(1) with energy E 1 , into a photon with wave vector k 2 and polarization λ 2 , leaving the molecule in the state n(2) with energy E 2 . The probability that a photon would be detected with polarization λ 2 and wave vector k 2 is the square of the amplitude:
expressed in terms of the current density [11] . Retaining terms linear in L we get
The absorption coefficient describing the decrease in intensity per unit length of matter in the ground state is
where ω = kc.
From a quantization of the fields and the Hamiltonian describing the molecular system, the current density can be expressed as:
where the current density operator j(r) is
ψ(ξ) is here the electron field operator, satisfying the wave equation, and σ the Pauli spin operators. We exclude from the current density operator the field-dependent term and the spin term-that is, we consider low-intensity light sources and closedshell systems only. Inserting the definition of the current density operator eq.(30) into eq. (29), we obtain
Inserting the Taylor expansion to second order of the exponential given in eq. (23) in the integral in eq.(31) and considering the component of r along k and ∇ along n λ , eq.(31) takes the form
Using the identities
we can rewrite the response function of the current density in terms of magnetic and electric moments. Note that the indices l and m are contracted with the wave vector, l k is the angular momentum and an explicit choice for the orientation of the axis has been made. Defining the magnetic dipole and quadrupole moments as: m ı = e 2m l ı , m ı = e 3m (r ı l ı + l ı r  ) and using the Levi-Civita tensor, the current density for an arbitrary direction λ is
where p ı is a component of the linear momentum operator. Eq.(35) has been obtained using simple algebraic manipulations, canonical commutation relations and the identities 
The response functions that appear in the definition of the absorption coefficient, eq.(28) can be calculated in a similar manner. Note that the complex conjugate of eq.(35) should be considered for an arbitrary orthogonal direction λ . Thus, for two arbitrary directions λ = ı and λ = , the response function of the current density is
Comparing eq.(39) with the expression for the permittivity obtained by Raab and de Lange eq.(16), keeping terms up to electric octopole-magnetic quadrupole or-der [7] , one can see that these expressions are identical. Thus, an origin-independent expression of the permittivity can be obtained from the response function of the current density. This result is equivalent to the one derived by Bernadotte et al. [17] .
It is important to note that our calculation have started with quantities that are origin independent because they are physical/observable quantities, namely the external electromagnetic field and the current density. As a consequence, the expressions derived are also origin independent at each order in the Taylor expansion. Retaining only first-order terms in the expansion would lead to an expression for the current density proportional to the polarizability (α ı ) [11] , which is well-known to be origin independent. In our derivation, we have not imposed any constraints nor applied any transformation theory in order to derive an origin-independent expression for the permittivity as done in earlier work [7, 8] . Instead, standard quantummechanical theory for the interaction between matter and electromagnetic fields is used.
In accordance with the discussion above, we can define the absorption coefficient in terms of the permittivity A λ1λ1 as
Thus, a direct link between the electric permittivity and a physical observable quantity, the absorption coefficient, has been provided.
Covariant formulation of the constitutive relations
Exploiting the non-uniqueness of the auxiliary fields (discussed in section 2), alternate definitions for the auxiliary fields and the material constants can be obtained within the relativistic covariant theory of electromagnetism [12] . Referring to the discussion in Refs. [3, 9, 12] , the constitutive relations can be written
where D ı and H ı are the auxiliary fields in covariant form that satisfy Maxwell's equations (free of sources)
The material constants in eqs. (41) and (42), to electric octopole-magnetic quadrupole order, are defined as [9] A ı = ε 0 δ ı + F ı − 1 12
where [9] F ı = α ı (49)
The tensors which appear in these expressions are given in Table 1 . Note that eqs. (49)-(53) are origin independent, and thus also the material constants in eqs. (45)-(48).
Using the tensors in eqs. (49)-(53), we can rewrite the expressions for the permittivity and permeability given in the previous section eqs. (16) 
-(19) as
Eqs.(54) and (55) clearly differ from eqs.(45) and (48). Two different covariant and origin-independent definitions of the material constants are thus achieved. It is clear that the material constants cannot be uniquely defined. In order to discriminate between the different expressions for the material constants, and compare them with experimental results, it is necessary to add more information to the theory.
The analysis presented in Secs.3 and 4, which is a first principles approach to the problem, provides a definition of the permittivity and of the material constants by transformed multipole theory, that are origin independent at all orders in the multipole expansion, and that can be related to experimentally observable quantities.
Inverse permeability and magnetizability
An origin-independent expression for the inverse permeability has been derived by Raab and de Lange using a transformed multipole theory for the auxiliary fields [7] , see eq.(19) (or from the covariant formulation in eq. (55)). In the microscopic case, an origin-independent expression for the frequency-dependent magnetizability, equivalent to eq. (19) , has also been derived by the same authors [8] 
where α m ı indicates the second-order magnetic response (frequency-dependent magnetizability), which is different from the definition of the magnetizability provided by multipole theory to lowest order χ ı , to which α m ı reduces in the static limit. The procedure used to derive eq.(56) in Ref. [8] relies on a number of assumptions that the expression for the magnetizability is supposed to fulfil. The expression in eq.(56) matches the definition of the inverse permeability given in eq. (19) . Although we cannot isolate a simple linear expression for the inverse permeability from the constitutive relations and the expressions for the material constants, the correspondence between eq.(56) and eq.(19) gives a strong support for this form of the inverse permeability. However, with the exception of this indirect argument, there is no physical reason not to assume eq.(48) as an equally good definition of the inverse permeability, since it is covariant, origin independent and satisfies the Maxwell equations.
It is important to note that, according to transformed multipole theory, in order to derive an origin-independent definition of the material constants, it is necessary to include contributions up to the electric octopole-magnetic quadrupole order (see ref. [7] ). This confirms that when going beyond the dipole approximation in the definition of the permittivity, as derived from the absorption coefficient (or the scattering amplitude), contributions up to the electric octopole-magnetic quadrupole order must be included.
Eq. (16) can thus be considered the proper definition of the electric permittivity, whereas the definition of the inverse permeability needs further investigations. Neverthless, considering the intimate relation between the electric permittivity and the inverse permeability, our results for the permittivity suggests that the proper expression for the inverse permeability is provided by eq.(19).
Wave equation
The starting point for deriving the wave equation is the Maxwell equations for the auxiliary fields and the constitutive relations given in eqs. (3)- (4) and eqs. (10)- (11), respectively. Taking an electromagnetic plane wave (eq. (5)) and inserting the definitions of the auxiliary fields in terms of the material constants in the Maxwell equations, the two wave equations
are derived, where Faraday's law ∇ ∧ E = − ∂B ∂t is used to express B in terms of E in the first wave equation, and E in terms of B in the second.
The wave equations eqs. (57) and (58) are origin independent and do not depend on the form of the material constants. This provides a degree of freedom in the definition of the material constants, subject to the constraint that the wave equation remains origin independent. By substituting the two different definitions of the material constants given in eqs. (16)- (19) and (45)- (48), it can be shown that they both lead to the same wave equation.
Note that the definitions of the material constants given by multipole theory, eqs. (12)- (15), also lead to the same origin-independent wave equation. This is somewhat surprising since the expressions for the material constants provided by multipole theory are origin dependent. However, this explains why it has been a successful theory to explain several observable phenomena, although it gives unphysical results for reflection effects. In the latter case, it is necessary to consider the transformed material constants in order to have origin-independent expressions [1] . Reflection effects can also be used to experimentally to help elucidate which of the two originindependent definitions for the material constants introduced above correspond to experimental interactions. The study of the refractive index of chiral molecules, such as helicene, could also provide valuable insights. In fact, the refractive index of chiral molecules is defined in terms of the four material constants [18] , appearing at the same order of magnitude, so that the referactive index values would be different for the different definitions of the material constants.
In contrast, solving the wave equation in terms of the fields and of the material constants leads to a good description of various optical effects, but does not provide any constraints for deciding on the proper definition of the material constants.
Numerical investigations
We have in the previous sections discussed the two different origin-independent expressions for the electric permittivity and inverse permeability as presented by Raab and de Lange in eqs. (16)- (19) and eqs.(45)-(48). We have shown that the electric permittivity obtained from transformed multipole theory can be derived from experimentally observable quantities, both the scattering amplitude and the absorption cross section. Albeit indirectly, this gives support for the expression for the inverse permeability as obtained from the transformed multipole theory.
We now turn our attention to a numerical investigation of the effects of the two different forms of the permittivity and inverse permeability in order to explore the numerical differences between the two expressions, and thus in which situations we can expect to be able to distinguish between the two expressions through experimental observations.
Computational details
All calculations presented in this work have been performed using a development version of the Dalton program package [19] . Our calculations have been performed using density functional theory with the B3LYP functional [20] together with the augmented correlation-consistent double-zeta basis (aug-cc-pVDZ) of Dunning and Woon [21, 22] . The inverse permeability has been calculated in the presence of a dynamic external perturbation (electromagnetic waves) for different frequencies of the applied external electromagnetic field.
We have chosen the benzene molecule as a test system because it is comparatevely large, elctronic rich and symmetric. Therefore a strong response can be expected, highlighting interesting aspects of the dispersion curve of the inverse permeability. The molecule has been placed in the yz-plane with the center of mass at the origin of the coordinates system and with the long axis of the molecule along the z axis. Due to the strong origin dependence observed for the conventional static magnetizability [23] when using a finite basis set, we have used London atomic orbitals (LAOs) [24] in the calculation of the conventional diamagnetic and paramagnetic contributions to the magnetizability [25, 26] . The gauge-origin independence of the two expressions for the inverse permeability as well as of the electric permittivity has been verified by shifting the gauge origin. The molecular responses that contribute to the electric permittivity and inverse permeability have been implemented in the Dalton program as straightforward extensions to the complex polarization propagator approach. [27] The two lowest excitation energies of the benzene molecule are at this computational level ω = 0.198893E h and ω = 0.221012E h , corresponding to states of B 2u , B 1g symmetry, respectively. We note that the first of these states is electric dipole allowed and electric quadrupole (and thus magnetic dipole) forbidden, whereas the second excited state is electric quadrupole allowed and electric dipole forbidden.
Inverse permeability
The two different definitions of the inverse permeability have been calculated considering the origin-independent definitions given in eqs. (19) and (48), respectively. A range of frequencies between ω = 0E h and ω = 0.26E h has been used, covering the first five excitation energies, in order to investigate the behaviour of the inverse permeability close to resonances.
In order to check the origin dependence of the expressions for the inverse permeability, we have first located the center of mass of the benzene molecule at the origin of the coordinate system, and then we have shifted the gauge origin and the dipole origin by 1 Bohr. The use of LAOs ensure gauge-origin independence for tensors that depend on the magnetic dipole operator, but not for the tensor H ık which include the magnetic quadrupole moment for which an implementation using the London orbital approach does not yet exist. The error due to this fact is fairly small, as can be seen from Tables 2 and 3 .
In Tables 2 and 3 we report the results of our calculations for the inverse permeability. In this work, both the expression provided by transformed multipole theory and by the covariant formulation are calculated. Calculations for the xx-component and zz-component of the tensor X ı (X xx ,X zz ), at the origin and when a shift along the y-axis, are performed. Due to the symmetry of the benzene molecule, analogous results to X zz have been obtained for the X yy component. Shifts along the x or the z axis show the same behaviour. In the calculation, a damping factor of 0.005 a.u. has been used. We will in the following refer to eq.(19) as the "Raab and de Lange expression" (RL) and to eq.(48) as the "alternative expression" (A). The results obtained confirm the origin independence of the Raab and de Lange and of the alternative expressions, with good accuracy, and they are plotted in Figure 1 . At small frequencies, the Raab and de Lange and the alternative expressions show analogues behaviour, since they both have the same static limit. In contrast, close to resonances, the Raab and de Lange expression is four times larger than the alternative expression for all components. Therefore, the resonance region is significant in order to discern between the two expressions. Note that the xx-component of the inverse permeability is always negative, whereas the zz-component and the yy-component (not showed here) change their sign at resonance frequencies. Figure 2 analyze the dispersion behaviour of the dominant contributions in the Raab and de Lange and the alternative expressions. According to the definition of these contributions in Table 1 in terms of multipole moments, we can observe the presence of poles in accordance with the first resonance frequencies, where the electric dipole, quadrupole, octopole and magnetic dipole, quadrupole moments are either allowed or forbidden by symmetry. The analysis of these poles explain the behaviour of both expressions showed in Figure 1 . Note that the contraction and the coefficient in front of the various tensors are different in the two expressions, explaining the different values of d in Figure 2 .
In the expressions for the inverse permeability, the first-order contribution is the standard magnetizability χ ı , which is origin dependent by itself at non-zero frequencies. Therefore, the higher-order contributions are essential in order to recover origin independence, and they have the same order in magnitude of the standard magnetizability, as shown in figure 2. 
Electric permittivity
Calculations of the two different expressions for the electric permittivity, given in eqs. (16) and (45), have been performed following the same approach and methods introduced and discussed in the previous section for the inverse permeability. In particular, the origin independence of these expressions and their differences in magnitude have been investigated. Tables 4 and 5 As expected, origin independence is seen to be recovered in all cases. We note for the permittivity that the polarizability enters in both expressions and is much larger than all other contributions. Thus the Raab and de Lange and the alternative expressions have similar values for all frequencies, as can be seen in Figure 3 .
We have in Sections 3 and 4 discussed how the electric permittivity can be measured through its relation to the absorption coefficient and to the scattering amplitude. Our analysis indicates that it will be hard to distinguish between the Raab and de Lange and the alternative expressions from an experimental measurement, since they are both dominated by the polarizability and they only differ in the higher-order contributions, which are most likely too small in magnitude with respect to α ı to be measured. This is different to the case of the inverse permeability discussed above, where the expressions differ at resonances, and experimental measurements could be able to distinguish between the two expressions. 
Summary and concluding remarks
Multipole theory provides origin-dependent expressions for the material constants in both the microscopic and the macroscopic case. Origin-independent expressions of the material constants have been derived by Raab and de Lange applying a transformed multipole theory of the auxiliary fields [7] . The uniqueness of these expressions have been discussed in this work, with special attention given to the electric permittivity and the inverse permeability.
The covariant formulation of Maxwell's equations also leads to origin-independent definitions of the material constants, which can be considered equally valid as the results of transformed multipole theory, since they both are origin independent and do not affect the spatial invariance of the wave equation.
We have recovered the expression of the electric permittivity by transformed multipole theory given in eq.(16), using different derivations based on the description of the interaction between radiation and matter [11] . In particular, the absorption coefficient and the scattering amplitude can be written in terms of the electric permittivity defined by the expression provided by Raab and De Lange. Thus, we have provided a quantum-mechanical derivation of the expression for the electric per- mittivity identical to the one obtained using transformed multipole theory starting from observable quantities. The two alternative definitions of the inverse permeability given in eq.(19) and eq.(48) are both covariant, origin independent and preserve the spatial invariance of the wave equation. We have not been able to find a rigorous derivation that would allow us to prefer one expression over the other. However, considering the results obtained for the electric permittivity, which agree with the expressions provided by transformed multipole theory, support is given to eq. (19) as the definition of the inverse permeability. We thus feel that this work provides strong support for the notion that the origin-independent expressions of the material constants are provided by transformed multipole theory, as given in eqs. (16)- (19) . Furthermore, we should note that in the microscopic case, an origin-independent expression for the frequency-dependent magnetizability, equivalent to the one obtained applying transformed multipole theory, has been achieved.
We have discussed the wave equation written in terms of the material constants, noting that different expressions for the material constants can be considered valid as long as the form and the spatial invariance of the wave equation is preserved. Therefore, the wave equation does not provide a constraint that could help to discern between different definitions of the material constants. This observation also explains why the origin independence of the material constants often have not been discussed in literature. In fact observable quantities that are derived from the wave equation, such as for example the refractive index, do not suffer from origin dependence, since the wave equation is origin independent, irrespective of the definition of the material constants. However, this is not the case when considering reflective properties. Our derivation of the scattering amplitude in terms of the electric permittivity also emphasizes the need for origin-independent definitions of the material constants.
We have performed calculations on the benzene molecule for various frequency values. The two different expressions for the inverse permeability and the electric permittivity provided by transformed multipole theory and by the covariant formulation of the constitutive relations have been investigated, verifying their origin independence and comparing their numerical values. Analogues results have been obtained for both expressions for the electric permittivity, which are strongly dominated by the first-order contribution (polarizability), whereas for frequencies close to resonances, the expressions of the inverse permeability show different behaviours. In particular, the Raab and de Lange expression is four times larger in magnitude with respect to the covariant expression. Therefore, we conclude that the resonant region provides useful information in order to discern between the two expressions for the inverse permeability, should it be possible to measure the dispersion curves of the inverse permeability.
The quantities that appear in this expression can be identified as the matrix elements of the electric and magnetic multipole operators, defined as 
where R is the position vector, and θ is a parameterization of the integration variable (position), the angular momentum l is defined with respect to R. Healy showed [10] that eqs. (22) and (59) are equivalent if the energy conservation condition k 1 + k n1 = k 2 + k n2 is preserved.
In order to re-derive the expression for the permittivity starting from the scattering amplitude, let us start by considering eq.(59), the definitions of the integrals given in eqs.(60)-(62), and the Taylor expansion up to second order of the exponential describing the external perturbation
It is important to note that, without loss of generality, the center of the multipole expansion has been put as the atomic center, chosen to be located at R = 0. Inserting this expansion in eqs. 
